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Abstract. We show how knowledge compilation can be used as a tool
for QBF. More precisely, we show that one can apply quantification on
certain data structures used in knowledge compilation which in com-
bination with the fact that restricted classes of CNF-formulas can be
compiled into these data structures can be used to show fixed-parameter
tractable results for QBF.

It is well known that restricting the interaction between variables and clauses
in CNF-formulas makes several hard problems tractable. For example, SAT and
#SAT can be solved in time 2°®)|F| when F is a CNF formula with a primal
graph of treewidth k [Sze04,SS10]. Many extensions of this result have been
shown these last ten years for more general graph measures such as modular
treewidth or clique width [PSS16,SS13,BCM15,STV14]. In [BCMS15], Bova et
al. recently explained these results using Knowledge Compilation, a subarea of
artificial intelligence that systematically studies and compares the properties of
different representations for knowledge: many classes of structured CNF can be
represented by small Boolean circuits known as structured deterministic DNNF
(sd-DNNF). Such circuits have strong restrictions making several problems such
as satisfiability and model counting on them tractable.

In this ongoing work, we show how these circuit representations can be used in
the context of quantification. To this end, we give a simple algorithm that, given
an sd-DNNF C and a subset X of variables, outputs an sd-DNNF C’ computing
3XC. We show a similar result to construct an sd-DNNF C’ computing VXC'. In
general, the size of C’ blows up exponentially during our transformation and this
is unavoidable since there are strong exponential lower bounds in the setting.
But here we show this exponential blowup in fact depends only on the width
of the input circuit and not on the size. Since many structured CNF-formulas,
such as those of bounded treewidth, can be translated into bounded width sd-
DNNF, we are able to construct sd-DNNF for the quantified formula where the
blowup is relatively tame in our setting which yields fixed-parameter tractable
algorithms for several problems. Figure 1 depicts the overall scheme that we use
to construct such algorithms.

For instance, our algorithm can be used to show that the number of models of
a partially quantified CNF-formula F' of treewidth k with ¢ blocks of quantifiers
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can be computed in time 2° |F|? with t+1 exponentiations. This generalises
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Fig. 1. The overall scheme for proving tractability results on structured quantified
CNF.

a result by Chen [Che04] where the fixed-parameter tractability of QBF on such
formulas was shown with a comparable complexity. Moreover, our algorithm also
applies to more general width measures.

We complement our algorithm with lower bounds that show that our con-
struction is essentially optimal in several respects.

References

[BCM15] Johann Brault-Baron, Florent Capelli, and Stefan Mengel. Understanding
model counting for beta-acyclic CNF-formulas. In 82nd International Sym-
posium on Theoretical Aspects of Computer Science, pages 143-156, 2015.

[BCMS15] Simone Bova, Florent Capelli, Stefan Mengel, and Friedrich Slivovsky. On
compiling cnfs into structured deterministic dnnfs. In Theory and Applica-
tions of Satisfiability Testing - SAT 2015 - 18th International Conference,
volume 9340 of Lecture Notes in Computer Science, pages 199-214. Springer,
2015.

[Che04] Hubie Chen. Quantified constraint satisfaction and bounded treewidth.
In Ramon Lépez de Mantaras and Lorenza Saitta, editors, Proceedings of
the 16th Eureopean Conference on Artificial Intelligence, ECAI’2004, pages
161-165, 2004.

[PSS16]  Daniél Paulusma, Friedrich Slivovsky, and Stefan Szeider. Model Counting
for CNF Formulas of Bounded Modular Treewidth. Algorithmica, 76(1):168—
194, 2016.

[SS10] M. Samer and S. Szeider. Algorithms for propositional model counting.
Journal of Discrete Algorithms, 8(1):50-64, 2010.

[SS13] F. Slivovsky and S. Szeider. Model Counting for Formulas of Bounded
Clique-Width. In Algorithms and Computation - 24th International Sympo-
sium, ISAAC, pages 677-687, 2013.



[STV14]

[Sze04]

S. Hortemo Saether, J.A. Telle, and M. Vatshelle. Solving MaxSAT and
#SAT on structured CNF formulas. In Theory and Applications of Satisfi-
ability Testing, pages 16—-31, 2014.

Stefan Szeider. On fixed-parameter tractable parameterizations of SAT. In
Enrico Giunchiglia and Armando Tacchella, editors, Theory and Applica-
tions of Satisfiability, 6th International Conference, volume 2919 of LNCS,
pages 188-202. Springer, 2004.



