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Abstract

In a recent paper [11], Herbelin developed dPA®, a calculus in
which constructive proofs for the axioms of countable and depen-
dent choices could be derived via the encoding of a proof of count-
able universal quantification as a stream of it components. However,
the property of normalization (and therefore the one of soundness)
was only conjectured. The difficulty for the proof of normalization
is due to the simultaneous presence of dependent types (for the
constructive part of the choice), of control operators (for classical
logic), of coinductive objects (to encode functions of type N — A
into streams (ay, a1, - . .)) and of lazy evaluation with sharing (for
these coinductive objects).

Elaborating on previous works, we introduce in this paper a vari-
ant of dPA® presented as a sequent calculus. On the one hand, we
take advantage of a variant of Krivine classical realizability that we
developed to prove the normalization of classical call-by-need [20].
On the other hand, we benefit from dL;, a classical sequent calcu-
lus with dependent types in which type safety is ensured by using
delimited continuations together with a syntactic restriction [19].
By combining the techniques developed in these papers, we manage
to define a realizability interpretation d la Krivine of our calculus
that allows us to prove normalization and soundness.

Keywords Curry-Howard, dependent choice, classical arithmetic,
side effects, dependent types, classical realizability, sequent calculus

1 Introduction
1.1 Realizing ACy and DC in presence of classical logic

Dependent types are one of the key features of Martin-Lof’s type
theory [17], allowing formulas to refer to terms. Notably, the exis-
tential quantification rule is defined so that a proof term of type
x4 Bis a pair (t, p) where t—the witness—is of type A, while p—the
proof —is of type B[t/x]. Dually, the theory enjoys two elimination
rules: one with a destructor wit to extract the witness, the second
one with a destructor prf to extract the proof. This allows for a
simple and constructive proof of the full axiom of choice [17]:

ACyq = AH.(Ax.wit(Hx),Ax.prf (Hx))
(VxA3yBP(x,y)) —» IFABxAP(x, f(x))
This term is nothing more that an implementation of Brouwer-
Heyting-Kolomogoroff interpretation of the axiom of choice [12]:
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given a proof H of VxA4.3yB.P(x, ), it constructs a choice function
which simply maps any x to the witness of Hx, while the proof that
this function is sound w.r.t. P returns the corresponding certificate.

Yet, this approach deeply relies on the constructivity of the the-
ory. We present here a continuation of Herbelin’s works [11], who
proposed a way of scaling up Martin-Lo6f’s proof to classical logic.
The first idea is to restrict the dependent types to the fragment
of negative-elimination-free proofs (NEF) which somewhat only
contains constructive proofs behaving as values. The second idea
is to represent a countable universal quantification as an infinite
conjunction. This allows us to internalize into a formal system
(called dPA®) the realizability approach [2, 9] as a direct proofs-as-
programs interpretation.

Informally, let us imagine that given a proof H : V™. 3yB.P(x, ),
we could create the infinite sequence Ho, = (HO, H1, . ..) and select
its n'P-element with some function nth. Then, one might wish that:

AH.(An.wit (nth n Hy), An. prf (nth n Hy))

could stand for a proof for ACyy. One problem is that even if we were
effectively able to build such a term, Ho might still contain some
classical proofs. Therefore, two copies of Hn might end up behaving
differently according to the contexts in which they are executed,
and thus returning two different witnesses (which is known to lead
to logical inconsistencies [10]). This problem can be fixed by using
a shared version of Hw, that is to say:

AH.leta = Hoo in (An.wit (nth n a), An.prf(nthna).

In words, the term Hy is now shared between all the places which
may require some of its components.

It only remains to formalize the intuition of He, which is done
by means of a stream cofixon[(Hn, f(S(n)))] iterated on f with

parameter n, starting with 0:
ACy := AH.leta = cofix}n[(Hn,f(S(n))]
in(An.wit(nth n a), An.prf(nthna).

The stream is, at the level of formulas, an inhabitant of a coinduc-
tively defined infinite conjunction vg(n(Hy.P(n, y)) AX(n+1). Since
we cannot afford to pre-evaluate each of its components, and we
thus have to use a lazy call-by-value evaluation discipline. However,
it still might be responsible for some non-terminating reductions,
all the more as classical proofs may contain backtrack.

1.2 Normalization of dPA®

In [11], the property of normalization (on which relies the one of
consistency) was only conjectured, and the proof sketch that was
given turned out to be hard to formalize properly. Our first attempt
to prove the normalization of dPA® was to derive a continuation-
passing style translation (CPS), but translations appeared to be hard
to obtain for dPA“ as such. In addition to the difficulties caused
by control operators and co-fixpoints, dPA® reduction system is
defined in a natural deduction fashion, with contextual rules where
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the contexts involved can be of arbitrary depth. This kind of rules
are indeed difficult to faithfully translate through a CPS.

Rather than directly proving the normalization of dPA“, we
choose to first give an alternative presentation of the system under
the form of a sequent calculus, which we call dLPA®. Indeed, se-
quent calculus presentations of a calculus usually provides good
intermediate steps for CPS translations [8, 21, 22] since they en-
force a decomposition of the reduction system into finer-grain rules.
To this aim, we first handled separately the difficulties peculiar to
the definition of such a calculus: on the one hand, we proved with
Herbelin the normalization of a calculus with control operators
and lazy evaluation [20]; on the other hand, we defined a classi-
cal sequent calculus with dependent types [19]. By combining the
techniques developed in these frameworks, we finally manage to
define dLPA®, which we present here and prove to be normalizing.

1.3 Realizability interpretation of classical call-by-need

In the call-by-need evaluation strategy, the substitution of a vari-
able is delayed until knowing whether the argument is needed. To
this end, Ariola et al. [1] proposed the Z[lv”]—calculus, a variant
of Curien-Herbelin’s Ayji-calculus [6] in which substitutions are
stored in an explicit environment. Thanks to Danvy’s methodology
of semantics artifacts [7], which consists in successively refining
the reduction system until getting context-free reduction rules?,
they obtained an untyped CPS translation for the I[lm*]—calculus.
By pushing one step further this methodology, we showed with
Herbelin how to obtain a realizability interpretation a la Krivine
for this framework [20]. The main idea, in contrast to usual models
of Krivine realizability [14], is that realizers are defined as pairs of a
term and a substitution. The adequacy of the interpretation directly
provided us with a proof of normalization, and we shall follow here
the same methodology to prove the normalization of dLPA®.

1.4 A sequent calculus with dependent types

While sequent calculi are naturally tailored to smoothly support
CPS interpretations, there was no such presentation of language
with dependent types compatible with a CPS. In addition to the prob-
lem of safely combining control operators and dependent types [10],
the presentation of a dependently typed language under the form
of a sequent calculus is a challenge in itself. In [19], we introduced
such a system, called dL., which is a call-by-value sequent cal-
culus with classical control and dependent types. In comparison
with usual type systems, we decorated typing derivations with a
list of dependencies to ensure subject reduction. Besides, the sound-
ness of the calculus was justified by means of a CPS translation
taking the dependencies into account. The very definition of the
translation constrained us to use delimited continuations in the
calculus when reducing dependently typed terms. At the same time,
this unveiled the need for the syntactic restriction of dependencies
to the negative-elimination-free fragment as in [11]. Additionally,
we showed how to relate our calculus to a similar system by Lepi-
gre [16], whose consistency is proved by means of a realizability
interpretation. In the present paper, we use the same techniques,
namely a list of dependencies and delimited continuations, to ensure
the soundness of dLPA®, and we follow Lepigre’s interpretation of
dependent types for the definition of our realizability model.

!That is to say reduction rules in an abstract machine for which only the term or the
context needs to be analyzed in order to decide whether the rule can be applied.

Etienne Miquey

1.5 Contributions of the paper

The main contributions of this paper can be stated as follows. First,
we define dLPA® (Section 2), a sequent calculus with classical
control, dependent types, inductive and coinductive fixpoints and
lazy evaluation made available thanks to the presence of stores.
This calculus can be seen as a sound combination of dLﬁ) [19] and
the A[jr«]-calculus [1, 20] extended with the expressive power
of dPA® [11]. Second, we prove the properties of normalization
and soundness for dLPA® thanks to a realizability interpretation d
la Krivine, which we obtain by applying Danvy’s methodology of
semantic artifacts (Sections 3 and 4). Lastly, dLPA“ incidentally pro-
vides us with a direct proofs-as-programs interpretation of classical
arithmetic with dependent choice, as sketched in [11].

This paper is partially taken from the Chapter 8 of the author’s PhD
thesis [18]. For more detailed proofs, we refer the reader to the appen-
dices of the version available at: https:// hal.inria.fr/hal-01703526.

2 A sequent calculus with dependent types for
classical arithmetic
2.1 Syntax

The language of dLPA® is based on the syntax of dLg, [19], ex-
tended with the expressive power of dPA® [11] and with explicit
stores as in the z[lv”]—calculus [1]. We stick to a stratified pre-
sentation of dependent types, that is to say that we syntactically
distinguish terms—that represent mathematical objects—from proof
terms—that represent mathematical proofs. In particular, types and
formulas are separated as well, matching the syntax of dPA“’s for-
mulas. Types are defined as finite types with the set of natural num-
bers as the sole ground type, while formulas are inductively built on
atomic equalities of terms, by means of conjunctions, disjunctions,
first-order quantifications, dependent products and co-inductive
formulas:

T,U :== N|T—>U
ABu=T|L|t=u|AAB|AVB
| Ha:AB|VxT.A|3xT A| v;fA

Types
Formulas

The syntax of terms is identical to the one in dPA®, including
functions Ax.t and applications tu, as well as a recursion operator
rec,tcy[to | ts], so that terms represent objects in arithmetic of finite
types. As for proof terms (and contexts, commands), they are now
defined with all the expressiveness of dPA®. Each constructor in
the syntax of formulas is reflected by a constructor in the syntax of
proofs and by the dual co-proof (i.e. destructor) in the syntax of eval-
uation contexts. Amongst other things, the syntax includes pairs
(t,p) where t is a term and p a proof, which inhabit the dependent
sum type IxT A; dual co-pairs fi(x, a).c which bind the (term and
proof) variables x and a in the command c; functions Ax.p inhabit-
ing the type ¥xT.A together with their dual, stacks ¢ - e where e is a
context whose type might be dependent in ¢; functions Aa.p which
inhabit the dependent product type Ila : A.B, and, dually, stacks
q - e, where e is a context whose type might be dependent in ¢; a
proof term refl which is the proof of atomic equalities t = t and a
destructor fi=.c which allows us to type the command ¢ modulo an
equality of terms; operators fix’,[po | ps] and cofixlﬁx [p], asin
dPA®, for inductive and coinductive reasoning; delimited continu-
ations through proofs ptp.cq and the context p; a distinguished
context [] of type L, which allows us to reason ex-falso.


https://hal.inria.fr/hal-01703526

A sequent calculus with dependent types for classical arithmetic

LICS ’18, July 9-12, 2018, Oxford, United Kingdom

NEF eN == {pNlen)

Closures I u=cr Stores T u=¢|1[a :; pel | tla == €] ,
Commands c == (ple) Storables pr ==V | fixgi[po|ps] | cofix,! [p]
Proof terms  p.q==al ()| (p.q) | & p) | Ax.p|iap | refl Contexts e u=f|a|fpacr

| Fixgelpolpsl | cofixy [p] | pa.c| ptp.cg, Forcing f == ilar.c1 | az.c2] | fi(a, az).c
Proof values Vou=al|u(V)| (V,V) | (Ve&, V)| Axp | Aa.p | refl | contexts | fj(x,a)c|t-elp-elf=c
Terms tuz=x|0]St) | rech,ltolts] | Ax.t | tu|witp | Delimited cg, == (PN leg) | (plto)
Terms values  V; =:=x | S™(0) | Ax.t continuations eg, == ﬁa.Cﬁ)T | ﬁ[al.Cﬁ) | az.c%)]

| (a1, az).cq, | i(x, a).cq,

en == % | filar.cn | az.cy] | fia.cnt | fiar, a2)-cn | fi(x,a).cn )
PN-an == a | u(PN) | (N gn) | (Epn) | Axp | Aap | refl | fixGylpn [gn] | cofix) [pN] | px.cn | ptp.cg,

Figure 1. The language of dLPA®

As in dLg,), the syntax of NEF proofs, contexts and commands is
defined as a restriction of the previous syntax. Technically, they are
defined (modulo a-conversion) with only one distinguished context
variable x (and consequently only one binder p*.c), and without
stacks of the shape ¢-e or g-e (to avoid applications). Intuitively, one
can understand NEF proofs as the proofs that cannot drop their con-
tinuation®. The commands ¢4, within delimited continuations are

defined as commands of the shape (p|tp) or formed by a NEF proof
zind a context of the shape fa.cg,, ﬁ[a1.0ﬁ3|az.ct’b], f(a1, az).Cﬁ3 or
[(x, a).Cﬁ).

We adopt a call-by-value evaluation strategy except for fixpoint
operators?, which are evaluated in a lazy way. To this purpose, we
use stores* in the spirit of the I[lm*]-calculus, which are defined
as lists of bindings of the shape [a := p] where p is a value or
a (co-)fixpoint, and of bindings of the shape [a := e] where e is
any context. We assume that each variable occurs at most once
in a store 7, we thus reason up to a-reduction and we assume
the capability of generating fresh names. Apart from evaluation
contexts of the shape fia.c and co-variables «, all the contexts are
forcing contexts which eagerly require a value to be reduced and
trigger the evaluation of lazily stored terms. The resulting language
is given in Figure 1.

2.2 Reduction rules

The reduction system of dLPA® is given in Figure 2. The basic rules
are those of the call-by-value Apji-calculus and of dLg,. The rules
for delimited continuations are exactly the same as in dLﬁ), except

that we have to prevent tp from being caught and stored by a proof
pia.c. We thus distinguish two rules for commands of the shape
(ua.c|e), depending on whether e is of the shape ey, or not. In the
former case, we perform the substitution [eﬁ) /], which is linear
since pia.c is necessarily NEF. We should also mention in passing
that we abuse the syntax in every other rules, since e should actually
refer to e or eg, (or the reduction of delimited continuations would
be stuck). Elimination rules correspond to commands where the
proof is a constructor (say of pairs) applied to values, and where the

2See [19] for further details.

3To highlight the duality between inductive and coinductive fixpoints, we evaluate
both in a lazy way. Even though this is not indispensable for inductive fixpoints, we
find this approach more natural in that we can treat both in a similar way in the
small-step reduction system and thus through the realizability interpretation.

4Our so-called stores somewhat behave like lazy explicit substitutions or mutable
environments. See [20] for a discussion on this point.

context is the matching destructor. Call-by-value rules correspond
to (¢) rule of Wadler’s sequent calculus [25]. The next rules express
the fact that (co-)fixpoints are lazily stored, and reduced only if
their value is eagerly demanded by a forcing context. Lastly, terms
are reduced according to the usual f-reduction, with the operator
rec computing with the usual recursion rules. It is worth noting
that the stratified presentation allows to define the reduction of
terms as external: within proofs and contexts, terms are reduced
in place. Consequently, as in dLﬁ) the very same happen for NEF
proofs embedded within terms. Computationally speaking, this
corresponds indeed to the intuition that terms are reduced on an
external device.

2.3 Typing rules

As often in Martin-Lof’s intensional type theory, formulas are con-
sidered up to equational theory on terms. We denote by A = B the
reflexive-transitive-symmetric closure of the relation » induced by
the reduction of terms and NEF proofs as follows:

Alt] » A[t'] whenever t—pt’
Alp] > Alqg] Ya ({pla) — {gla))

in addition to the reduction rules for equality and for coinductive
formulas:

whenever

St)=Su) > t=u
vE A = Alt/xIV A/ f() = 0]

We work with one-sided sequents where typing contexts are
defined by:

0=5()» L
St)=0> L

LT u= ¢|T,x:T|T,a:A|T,a: ALY |T,tp: AL,

using the notation a : AL for an assumption of the refutation of A.
This allows us to mix hypotheses over terms, proofs and contexts
while keeping track of the order in which they are added (which is
necessary because of the dependencies). We assume that a variable
occurs at most once in a typing context.

We define nine syntactic kinds of typing judgments: six® in
regular mode, that we write T' +° J, and three® more for the de-
pendent mode, that we write I' ;5 J; 0. In each case, o is a list of
dependencies—we explain the presence of a list of dependencies
in each case thereafter—, which are defined from the following

5For terms, proofs, contexts, commands, closures and stores.
For contexts, commands and closures.
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Basic rules
(Ax.p|Ve - e)r — (p[Vi/x]le)r

(gener)  (laplg-e)t — (utp(glia.(pl®))]e)r
(q¢ner)  (Aaplq-e)r — (qlpa(ple))r
(e # em) (pa.cle)r — crla :=e]

’

(V|jia.ct’yt — ctla:=V]r

Elimination rules
(W)l ilar.c1 | az.cal)r — citlai == V]
(W1, Va)liias, az).c)r — crfay := Vi][az = V2]
((Ve, V)lfiCx, a).c)r — (c[t/x])r[a = V]
(refl|ji=.c)t — ct

Delimited continuations

(utp.cleyr — (utp.cle)r’
(pacleg)r — cleg falr
(utp-(plw) eyt — (ple)r

(if ct — c1’)

Call-by-value

(a fresh) Gip)le)r — (pla-(ii(a)le))r

(a1, az fresh)  ((p1,p2)le)r — (p1lia1.(pzlfiaz.{(a1, az)|e)))r
(a fresh) ((Ve,p)leyr — (pliaal(Ve, a)le))r

Laziness

(a fresh) (cofixx;[p] le)r — (ale)r[a := cofix;/;[p]]
(a fresh)(Fix)" [po | pslle)r — (ale)ra := Fix\" [po | ps]

(Ya, (playt — ((t.p")|a)T) Tlwit plz —p T[t]
(Ax.t)Vy —pB t[Vi /x]

xy[tO | tS] —>ﬁ to

recyy [t | ts] — g ts[u/x][rec, [t | ts]1/y]

Lookup
(Vla)rla = e]t’ — (V]e)r[a = e]r’
(alf)rla=V]r" = (Vl]a)r[a = V]’
(b’ fresh) (alfyrla = cofix, [pllr" — (p[Ve/x][b’ /bllia(al f)z')r[b’ := Ay.cofix] [p]]
(alf)rla = fix} [Po |Ps v’ = (polfia(alf)z)z
(b’ fresh) (alfyrla = le (;S [po | pslle” — (pslt/x][b" /bllfa(alf)z")z[b" = Fix) [po|ps]]
Terms
(ifft —p t’) T[t]lr — T[t']r where:

Cel 1= ([ Lp)led | (Fixhdipo I psle)
| (cofix}![plle) | (Ax.pl[1-e)

T[] == C[ 11 TI[ Jul | Tlreck) [t | ts]]

Figure 2. Reduction rules of dLPA®

grammar:
o :=¢|a{plq}

The substitution on formulas according to a list of dependencies o

is defined by:

o(Alg/p]) ifq e nEr

e(A) = {A} o(A) otherwise

a{plg}a) = {
Because the language of proof terms include constructors for pairs,
injections, etc, the notation A[q/p] does not refer to usual substitu-
tions properly speaking: p can be a pattern (for instance (ay, az))
and not only a variable.

We shall attract the reader’s attention to the fact that all typing
judgments include a list of dependencies. Indeed, as in the XUUT* -
calculus, when a proof or a context is caught by a binder, say V
and fia, the substitution [V'/a] is not performed but rather put in
the store: 7[a := V]. Now, consider for instance the reduction of a
dependent function Aa.p (of type Ila : A.B) applied to a stack V - e”:

(AaplV - e)r — (utp-(Vlia(plt))le)r
= (utp.(plp)lerla = V] — (ple)r[a = V]

Since p still contains the variable a, whence his type is still B[a],
whereas the type of e is B[V]. We thus need to compensate the
missing substitution®.

"We refer the reader to [19] for detailed explanations on this rule.
80n the contrary, the reduced command in dLg, would have been (p[V'/a]|le), which
is typable with the (Cur) rule over the formula B[V /a].

We are mostly left with two choices. Either we mimic the substi-
tution in the type system, which would amount to the following
typing rule:

ILT/+r(c) Trr:T’
T'ker

(p € NEF)
(p ¢ NEF)

where: tla := pn1(c) £ (c[pn/a))
tla:=ellc) £ () | rla:=pl(c) £ 7(c)

Or we type stores in the spirit of the /_1[ lor%]-calculus, and we carry
along the derivations all the bindings liable to be used in types,
which constitutes again a list of dependencies.

The former solution has the advantage of solving the problem
before typing the command, but it has the flaw of performing
computations which would not occur in the reduction system. For
instance, the substitution 7(c) could duplicate co-fixpoints (and their
typing derivations), which would never happen in the calculus. That
is the reason why we favor the other solution, which is closer to the
calculus in our opinion. Yet, it has the drawback that it forces us to
carry a list of dependencies even in regular mode. Since this list is
fixed (it does not evolve in the derivation except when stores occur),
we differentiate the denotation of regular typing judgments, written
I' +9 ], from the one of judgments in dependent mode, which we
write I' +; J; o to highlight that o grows along derivations. The
type system we obtain is given in Figure 3.
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T+ ja.ct : AL T'+° (p1,p2): AAB

T,a1: A [ c1 T,ay:Aj Lo c2

Regular types
Trop:A T e:BLY o(A) =a(B) P I,I+99 ¢ T+ ¢:(I";07) T+ 7:(I%50") LT+ p:A ()
T 1 T,
T+ (ple) v Troer ® THo tfla=pl: (T,a: Ao {ap)) "
CA)eT (¢: AL eT Ta:ALl e THo 7:(T";0") T,IV+99 a: AL
@Al WAL, Luarc, o) LEF aid”
F'+t%a:A Fr+t? a: A Tt pac:A Tt? rla:=e] : (I',a: A*;0’)
Ia:Av% et T+top1:A T+ py:B I,a;:A1,a2 : Ay +% ¢ THO p: A;
(Ar) A1) (Vr)

T +9 ji(aj,az).c : (Ap A Ag)t
T+ p: Alt/x]

I+ ll‘(p) A1V A

r+°¢:T Ix:T,a:A+°% ¢

P o Vo)
T+ flar.ci | az.c2] : (A1 V Ap)

[Lx:Trop: A
T Axp:VxT A

Trot:T T+ e: Alt/x]"

TH t-e: (VxT. AL

la:A+r° p:B

T (t,p): IxT.A

¥r) 1) S B
IF'rrefl:t=t¢t

- T (E€)
T+ fi(x,a).c: AxT.A)L

Tro p:A T+ e: Alu/t] )
e A E RN L

9 t:N

I'+t9q:A T+%e:B[g/a]t ifq¢ NEFthena¢ A

(=)

T+ Aap:1a: AB

T+ p:A A=B Troe¢: AL A=B

(=1

I+ q-e:(Tla: A.B)L
TrOt:N T+ po:Al0/x] T,x:T,a:Ar° ps: A[S(x)/x]

[
'k ,utp.cm.A

Ia:A Fd C&T’;U{QUJN}

Ip: AL T 1y ©: BLo{|p}

Lx:T,a:Abg cgio{(xa)lpn}

=, (EN) (fix)
'+ p:B =) I'+%e: Bt ! T +9 fixly[po|ps] : Alt/x]
Trot:T T,f:T—N,x:T,b:VyLf(y) =0+% p: A f positive in A (cofio)
—_— L1 cofix
T+ []: 1t T'+° co’r’ixix[p] : vftxA
Dependent mode LT kg cgio0’ TH7:(I"507) LLI/Fo p:A T,p:BL T rye: ALo{-|p} 4
d < C
Thycptio O T, tp:BL, T +4 (ple);o (Cor)
ILfpo: AL+, Cpi0 o(A) = o(B) ) Ta;j:Aj kg C%)QU{li(aiNPN}) Vie {1,2} .,
— = (W) (tp) v

T'ky ﬁ[al.ctlb | ag.cfb] :(Al VAZ)J'L;O'{~|pN}

a1 :Ar,az: Az kg cgio{(ar, az)lpN}

" (#
Ty pa.ctbr’ AL o {pN} K

(
T kg dlx, a).Cﬁ) : (EIxTA)JL;U{-|pN}

o 4.
Terms — (0) M (S)

r+?0:N I'+% S(t): N

F'vt:U—>T T+u:U

F'r9t:N Trot:U T,x:Ny:Ur%t5:U

3 A
l I'kg flar,az).cg, < (A1 A Ay 50 {lpn}
(x:T)eT I,x:Ur°t:T
> (Ax;) — @
T+o x: T T Axt:U > T

F+%p:3xTA pNEF

(rec) it
THo tu:T @ T+ reck,lto|ts]: U Trowitp:T Y
Figure 3. Type system for dLPA®
2.4 Subject reduction admissible:
We shall now prove that typing is preserved along reduction. As [ Lo
for the A, rx-calculus, the proof is simplified by the fact that ,] TraJio (w)
substitutions are not performed (except for terms), which keeps us e J Trg Jio’

from proving the safety of the corresponding substitutions. Yet, we
first need to prove some technical lemmas about dependencies. To
this aim, we define a relation ¢ = ¢’ between lists of dependencies,
which expresses the fact that any typing derivation obtained with
o could be obtained as well as with ¢”:

0= 0" £ ¢(A) =0(B) = o'(A) = ¢’ (B) (for any A, B)
Proposition 2.1 (Dependencies weakening). If o, o’ are two lists
of dependencies such that o = o', then any derivation using o
can be done using o’ instead. In other words, the following rules are

We can prove the safety of reduction with respect to typing:
Theorem 2.2 (Subject reduction). For any context T and any clo-
sures ¢t and c’t’ such that ct — c¢’t’, we have:

LIfTvecr thenT +c'7’. 2IfTrgcer;ethenT by c't/se.

Proof. The proof follows the usual proof of subject reduction, by
induction on the reduction ¢t — ¢’7’. u]
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Trp:3xT.A T,x:T,a:Arq:B[(x,a)/e] p¢NEF= e¢B
I'+dest p as(x,a) in g : B[p/e]

(dest)

F'tp:A1ANAs T,a1:A1,a2:Az+ q: Bl(ai,a2)/e] pENEF= e ¢B
I'+ split p as(ai,az) in q: B[p/e]

T'tp:A1 VA, T,ai:Ai+q:Bli(a)i/e] fori=1,2 p¢NEF= e ¢

'+ case p of [a1.p1 | az.p2] : B[p/e]

Tkp:lL Ta: At q:Bla/e] p%NEF:ogB(l )
t
Fl—exfalsop:B(L) I'tleta=ping: B[p/e] ¢
F'rp:A1ANA Ta:Altvrp:A
(splity  — PIALAAZ P (throw)
T+ mi(p) : A T,a:AL + throwap: B
B Ta:Alrp:A Trp:3xT . Ax)
(case) ——~(catch) ——————— (prf)
I'catchgp: A T'+prf p:Awit p)

Figure 4. Typing rules of dPA®

2.5 Natural deduction as macros

We can recover the usual proof terms for elimination rules in natural
deduction systems, and in particular the ones from dPA®, by defin-
ing them as macros in our language. The definitions are straight-
forward, using delimited continuations for let ... in and the con-
structors over NEF proofs which might be dependently typed:

leta=ping
split p as (a1, az) in q
case p of [a1.p1 | az.p2]

pap (plia-(qlap))
pap {pli(ar, az)-(qlap))
pap (plilar-(prlap)laz-(pzllap)])
dest p as(a,x) in g = pap.(plii(x, a)-(qlap))
prip = pw.(pli(x, a)-(a|t))
subst pg = pa.(plfi=.(qla)) | catchap = pa.(pla)
exfalso p £ pa.(p|[]) throw a p £ u_.{p|a)
where a), = tp if p is NEF and @) = a otherwise.

It is then straightforward to check that the macros match the
expected typing rules:

1> > {1> 1> e

Proposition 2.3 (Natural deduction). The typing rules from dPA®,
given in Figure 4, are admissible.

One can even check that the reduction rules in dLPA® for these
proofs almost mimic the ones of dPA®. To be more precise, the
rules of dLPA® do not allow to simulate each rule of dPA%, due to
the head-reduction strategy amongst other things. Nonetheless, up
to a few details the reduction of a command in dLPA® follows one
particular reduction path of the corresponding proof in dPA®, or
in other words, one reduction strategy.

The main result is that using the macros, the same proof terms
are suitable for countable and dependent choice [11]. We do not
state it here, but following the approach of [11], we could also
extend dLPA® to obtain a proof for the axiom of bar induction.

Theorem 2.4 (Countable choice [11]). We have:
ACy = AH.leta = cofix{ [(Hn,b(S(n))]
in(An.wit (nthy a), An. prf (nth, a)
v 3y  P(x,y) — 2T P(x, f(x))
wherenthy a := mi(fix} ;[a| m2(c)]).
Theorem 2.5 (Dependent choice [11]). We have:

DC := AH.Axp.let a = (xo,cofixgn[dn])fsix
in (An.wit (nthy a), (refl, An.my(prf (prf (nthy, a)))))
VxT.EyT.P(x, y) —
Vxl.3f € TN.(£(0) = xo A Yl P(f(n), f(s(n))))
where dp, := dest Hn as (y,c) in(y,(c,by)))
and nthpa:= fix;’d[a | (Wit (prf d), ma(prf (prf(d))))].

3 Small-step calculus

As for the I[ lor]-calculus [1, 20], we follow here Danvy’s method-
ology of semantic artifacts [1, 7] to obtain a realizability interpre-
tation. We first decompose the reduction system of dLPA® into
small-step reduction rules, that we denote by ~¢. This requires
a refinement and an extension of the syntax, that we shall now
present. To keep us from boring the reader stiff with new (huge)
tables for the syntax, typing rules and so forth, we will introduce
them step by step. We hope it will help the reader to convince
herself of the necessity and of the somewhat naturality of these
extensions.

3.1 Values

First of all, we need to refine the syntax to distinguish between
strong and weak values in the syntax of proof terms. As in the
Z[lm*]-calculus, this refinement is induced by the computational
behavior of the calculus: weak values are the ones which are stored
by j binders, but which are not values enough to be eliminated
in front of a forcing context, that is to say variables. Indeed, if
we observe the reduction system, we see that in front of a forcing
context f, a variable leads a search through the store for a “stronger”
value, which could incidentally provoke the evaluation of some
fixpoints. On the other hand, strong values are the ones which can
be reduced in front of the matching forcing context, that is to say
functions, refl, pairs of values, injections or dependent pairs:

Weak values V:i=a|v
Strong values v == 4(V) | (V,V) | (V;,V) | Ax.p | Aa.p | refl

This allows us to distinguish commands of the shape (v| f)z, where
the forcing context (and next the strong value) are examined to
determine whether the command reduces or not; from commands
of the shape (a| f)7 where the focus is put on the variable a, which
leads to a lookup for the associated proof in the store.

3.2 Terms

Next, we need to explicit the reduction of terms. To this purpose,
we include a machinery to evaluate terms in a way which resemble
the evaluation of proofs. In particular, we define new commands
which we write (t| ) where t is a term and 7 is a context for terms
(or co-term). Co-terms are either of the shape fix.c or stacks of
the shape u - 7. These constructions are the usual ones of the Auji-
calculus (which are also the ones for proofs). We also extend the
definitions of commands with delimited continuations to include
the corresponding commands for terms:

Commands ¢ == (ple) | (tlr) | cg == | (thry,)
Co-terms wu=t-7m|fix.c gy 5=t Mgy | fix.cq,
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We give typing rules for these new constructions, which are the
usual rules for typing contexts in the Apujfi-calculus:

T+t:T Tra:UL c:(T,x:T)
— 0 ()
Ttt-n:(T—>U) Trjxce:T
T+ ¢t:T THor:TL
(cuty)

TH7 (t]r)

It is worth noting that the syntax as well as the typing and reduc-
tion rules for terms now match exactly the ones for proofs’. In
other words, with these definitions, we could abandon the stratified
presentation without any trouble, since reduction rules for terms
will naturally collapse to the ones for proofs.

3.3 Co-delimited continuations

Finally, in order to maintain typability when reducing dependent
pairs of the strong existential type, we need to add what we call
co-delimited continuations. As observed in [19], the CPS translation
of pairs (¢, p) in clLﬁJ is not the expected one, reflecting the need for
a special reduction rule. Indeed, consider such a pair of type 3xT.4,
the standard way of reducing it would be a rule like:

(. plle) ~s (tlix-(plaa((x, a)le)))z

but such a rule does not satisfy subject reduction. Consider indeed a
typing derivation for the left-hand side command, when typing the
pair (¢, p), p is of type A[t]. On the command on the right-hand side,
the variable a will then also be of type A[t], while it should be of
type A[x] for the pair (x, a) to be typed. We thus need to compensate
this mismatching of types, by reducing ¢ within a context where a
is not linked to p but to a co-reset tp (dually to reset tp), whose type
can be changed from A[x] to A[t] thanks to a list of dependencies:

((t.ple)pt ~s (plitp(tlfix.(Plfa.{(x, a)le)))

We thus equip the language with new contexts jitp.c; , which we
call co-shifts and where ¢, is a command whose last cut is of the
shape (tp|le). This corresponds formally to the following syntactic
sets, which are dual to the ones introduced for delimited continua-
tions:

Contexts € =] ﬁﬁlcfp
Co-delimited cp == (PNleg) | (tlrg) | (tle)
continuations e = flacg | jila.cg | az'C:b]
| e e | iCxa)c
Ty u= by | jix.cg
NEF eN = e ﬁﬁ).cﬁ)

This might seem to be a heavy addition to the language, but we insist
on the fact that these artifacts are merely the dual constructions
of delimited continuations introduced in dLﬁ), with a very similar
intuition. In particular, it might be helpful for the reader to think
of the fact that we introduced delimited continuations for type
safety of the evaluation of dependent products in Ila : A.B (which
naturally extends to the case Vx!.A). Therefore, to maintain type
safety of dependent sums in IxT.A, we need to introduce the dual
constructions of co-delimited continuations. We also give typing

9Except for substitutions of terms, which we could store as well.
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rules to these constructions, which are dual to the typing rules for
delimited-continuations:
tp:Abry Cp:0

LT+ e: ALY o(A) =0a(B) .
Y s L )
LHo jitp.cg, - A

> 2 )
[, tp:B, T 4 (tple);o ®)
Note that we also need to extend the definition of list of dependen-
cies to include bindings of the shape {x|t} for terms, and that we
have to give the corresponding typing rules to type commands of
terms in dependent mode:
c:(T,x:T;o{x|t}) L
T kg jix.c: T4 ot} Hx
where II; 2T,T" +% ¢ : T.
Finally, small-step reduction rules are written ¢,z ~5 ¢, 7’ where

the annotation ¢, p on commands are indices (i.e.c,p, e, V, f,t, 7, V;)
indicating which part of the command is in control. As in the

O; T,tp:B,I vy m: AL, a{ |t}
I tp: BT rq {t|7);0

) (CUT‘;)

z[lw*]—calculus, we observe an alternation of steps descending
from p to f for proofs and from ¢ to V; for terms. The descent
for proofs can be divided in two main phases. During the first
phase, from p to e we observe the call-by-value process, which
extracts values from proofs, opening recursively the constructors
and computing values. In the second phase, the core computation
takes place from V to f, with the destruction of constructors and the
application of function to their arguments. The laziness corresponds
precisely to a skip of the first phase, waiting to possibly reach the
second phase before actually going through the first one.
Here again, reduction is safe with respect to the type system:

Proposition 3.1 (Subject reduction). The small-step reduction rules
satisfy subject reduction.

It is also direct to check that the small-step reduction system
simulates the big-step one, and in particular that it preserves the
normalization :

Proposition 3.2. If a closure ct normalizes for the reduction ~,
then it normalizes for —.

4 A realizability interpretation of dLPA®

We shall now present the realizability interpretation of dLPA®,
which will finally give us a proof of its normalization. Here again,
the interpretation combines ideas of the interpretations for the
z”w*]—calculus [20] and for dLﬁO through the embedding in Lepi-

gre’s calculus [16, 19]. Namely, as for the X[ lor«]-calculus, formulas
will be interpreted by sets of proofs-in-store of the shape (p|7), and
the orthogonality will be defined between proofs-in-store (p|7) and
contexts-in-store (e|z”) such that the stores 7 and 7’ are compatible.

We recall the main definitions necessary to the realizability in-
terpretation:

Definition 4.1 (Proofs-in-store). We call closed proof-in-store (resp.
closed context-in-store, closed term-in-store, etc) the combination of
a proof p (resp. context e, term t, etc) with a closed store 7 such that
FV(p) € dom(r). We use the notation (p|7) to denote such a pair.
In addition, we denote by A, (resp. A, etc.) the set of all proofs
and by A;, (resp. AL, etc.) the set of all proofs-in-store.

We denote the sets of closed closures by Cp, and we identify (c|7)
with the closure ¢7 when c is closed in 7.

We now recall the notion of compatible stores [20], which allows
us to define an orthogonality relation between proofs- and contexts-
in-store.
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Definition 4.2 (Compatible stores and union). Let 7 and 7’ be
stores, we say that:
o they are independent and note t#7” if dom(z) N dom(z”) = 0.
o they are compatible and note 7 o ¢’ if for all variables a (resp.
co-variables «) present in both stores: a € dom(z) N dom(z”);
the corresponding proofs (resp. contexts) in 7 and 7’ coin-
cide.
e 7’ is an extension of T and we write T < 7’ whenever 7 o 7’
and dom(r) € dom(z”).
e 77’ is the compatible union of compatible closed stores 7 and
/.1t is defined as 77/ £ join(r, r’), which itself given by:
join(zola := plr1, 74la := plr;) = t074la := pljoin(ry, 7))
join(role := e]r, 7gla = e]r]) = o7y [a = eljoin(ry, 7))
join(zo, 7;) !

A
= 107,

where To#7;.

The next lemma (which follows from the previous definition)
states the main property we will use about union of compatible
stores.

Lemma 4.3. If7 andt’ are two compatible stores, then t <1 tt’ and
t/ < tr’. Besides, if T is of the form to[x := t]ry, then t7’ is of the
SformTo[x = t]ry withty <79 and 1y < 77.

We can now define the notion of pole, which has to satisfy an
extra condition due to the presence of delimited continuations

Definition 4.4 (Pole). A subset AL € Cp is said to be saturated
or closed by anti-reduction whenever for all (c|7), (¢’|”) € Cp, we
have:
" ed) A (et —>c't)) = (cted)
It is said to be closed by store extension if whenever c7 is in 1L, for
any store 7’ extending 7, ¢’ is also in ALt
(ctred) A(r<t’) = (cr’ € L)

It is said to be closed under delimited continuations if whenever
cle/ o]t (resp. c[V/tp]7) is in 1L, then (utp.c|e)r (resp .{V|itp.c)7)
belongs to AL:

(cle/lr e 1) = ((uipcle)r € 1)

(c[V/t]r € 1) = ((Vl]itp.c)r € 1)
A pole is defined as any subset of Cy that is closed by anti-reduction,
by store extension and under delimited continuations.

We verify that the set of normalizing command is indeed a pole:

Proposition 4.5. The set 1L = {ct € Cp :
pole.

ct normalizes } is a

We finally recall the definition of the orthogonality relation w.r.t.
a pole, which is identical to the one for the A[;,,;«]-calculus:

Definition 4.6 (Orthogonality). Given a pole 1L, we say that a
proof-in-store (p|7) is orthogonal to a context-in-store (e|z’) and
write (p|7)1L(e|r”) if r and 7’ are compatible and (p|e)7r’ € 1L. The
orthogonality between terms and co-terms is defined identically.

We are now equipped to define the realizability interpretation
of dLPA®. Firstly, in order to simplify the treatment of coinductive
formulas, we extend the language of formulas with second-order

variables X, Y, ... and we replace v]t,xA by v)t(xA[X(y)/f(y) =0].
The typing rule for co-fixpoint operators then becomes:
THot:T T,x:T,b:VyTX@)ro p:A X ¢ FV()

ixt ot
I+ cofix; [p]:vy A

(cofix)

Etienne Miquey

where X has to be positive in A.

Secondly, as in the interpretation of dLg, through Lepigre’s cal-
culus, we introduce two new predicates, p € A for NEF proofs
and t € T for terms. This allows us to decompose the dependent
products and sums into:

VxT A2 Vx.(x €T — A)
WwTAL3x(xeT — A)

Ha:AB2A— B (a ¢ FV(B))
Ha:AB2Va(ac A— B) (otw)

This corresponds to the language of formulas and types defined by:

Types T,U
Formulas AB

N|T->U|teT
T|L|X®)|t=u|AAB|AVB
|  Vx.A|3Jx.A|Va.A] v)t(xA|a€A

and to the following inference rules:
T+ e:Alg/a] qNEF
I'+%e: (Va. At

Tt e: A
(V)rc) '_e—[t/x] (V;f)

I'+®v:A ag¢FV()
't v:Va.A

()

(ve)

T+t?v:A x¢FV(I)

I+t? v:Vx.A I't% e: (Vx. AL
Te7osAlfx] o THeA xg VD)
THo0:3xA T+ e: (Ix.A)L !

o, o ,. AL
't p: A pNEF s T'+t9%e:A (eh)

T p:peA " T e:(ge AL

o ;. o .. Tl

THo¢t: T (eh) T2 n:T J_L(E;)

T+ t:teT Trom:(teT)

These rules are exactly the same as in Lepigre’s calculus [16] up to
our stratified presentation in a sequent calculus fashion, and modulo
our syntactic restriction to NEF proofs instead of his semantical
restriction. It is a straightforward verification to check that the
typability is maintained through the decomposition of dependent
products and sums.

Another similarity with Lepigre’s realizability model is that
truth/falsity values will be closed under observational equivalence
of proofs and terms. To this purpose, for each store 7 we intro-
duce the relation =;, which we define as the reflexive-transitive-
symmetric closure of the relation »:

t syt A, VY, (t|x)r — (t|x)r’
p e 3, VF (plf)r — (@l f)T)

All this being settled, it only remains to determine how to in-
terpret coinductive formulas. While it would be natural to try to
interpret them by fixpoints in the semantics, this poses difficulties
for the proof of adequacy!®. We stick to the intuition that since
cofix operators are lazily evaluated, they actually are realizers of
every finite approximation of the (possibly infinite) coinductive
formula. Consider for instance the case of a stream:

strop £ cofix) [(px. b(S(x)))]

of type v;)(xA(x) A X(5(x)). Such stream will produce on demand
any tuple (p0, (p1,...(pn,0)...)) where [ denotes the fact that it
could be any term, in particular str%!p. Therefore, strd p should
be a successful defender of the formula

whenever
q whenever

(A(0) A (A1) A ...(A(n) A T)...)

10See [18, Sec. 8.4.2] for a discussion on this matter.
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41l 2 A
ol = o
Al £ ren, 141/l
IVx.Ally 2 (Neen, AL/
IVa.Ally 2 (Neen, IAlp/alllf )™
IV, Ally £ Unent IFS
JAly = Al

T
Ay

pin
Alle = IAlé,fe |Alp £ Al *
INJy, 2 {(s"(0)|r).n € N} Tz f Al
|t € Tly, ={(Vel7) € |Tly, : Vi = t} ITle 1A
IT = Uly, & {(Ax.tr) : ¥Vir/,z 00 A(Velt') € |Tly, = (t[Ve/x]lr’) € |U|+}

otherwise

A |[{(=clt)ser e} ift=;u
It =ullp =

lp € Allg £ {(VIr) € |Aly : V = p}*/
IT — Blly = {(Ve - elz) : (Ve|r) € |t € Tly, A(e|r) € [IBlle}
lA— Bllf £ {(V-e|r): (V|r) € |Aly A (e|r) € [|Blle} L
IT A Allp £ {(ilx, a).clr) : Vo', Ve € ITIV €AYt o/ = el Ve/xlre’[a = V] € 1}
141 A Aally 2 ((ilar, az).clr) : Vo', Vi €|ALlY Ve €Azl 7o 7 = crt’lay = Villa = Vo] e 1L}
[|A1 VA2||f = {(fla;.c1]|az.c2]|7) : vr',V € |Ai|€//,’[ ot = cr_r’[a,- =V]e L}

where:
e p € S7 (resp. e,V.etc.) denotes (p|r) € S
(resp. (e|7), (V]7), etc.),
e Fis a function from A; to P(A})/ETA

Figure 5. Realizability interpretation for dLPA®

Since cofix operators only reduce when they are bound to a vari-
able in front of a forcing context, it suggests interpreting the coin-
ductive formula vg(xA(x) A X(S(x)) at level f as the union of all
the opponents to a finite approximation.

To this end, given a coinductive formula V?(XA where X is posi-
tive in A, we define its finite approximations by:

Fa, =27 Fi 2 Alt/x)[F), /X ()]

Since X is positive in A, we have for any integer n and any term ¢
that ||F X i € ||F2+t1 llr- We can finally define the interpretation
of coinductive formulas by:

vk Al 2 () IES Iy

neN
The realizability interpretation of closed formulas and types is
defined in Figure 5 by induction on the structure of formulas at
level f, and by orthogonality at levels V, e, p. When S is a subset
of P(A;) (resp. P(AL), P(AT), P(A})), we use the notation Str
(resp. SV, etc.) to denote its orthogonal set restricted to AZ:

f
SEFE{(fl) € AL Vplr) €S, ot = (plf)re’ € 1}

At level f, closed formulas are interpreted by sets of strong forc-
ing contexts-in-store (f|r). As explained earlier, these sets are be-
sides closed under the relation =; along their component 7, we thus
denote them by P(A}) /=, - Second-order variables X,Y,... are

then interpreted by functions from the set of terms A, to P(A}C) /=,

and as is usual in Krivine realizability [14], for each such function
F we add a predicate symbol F in the language.

We shall now prove the adequacy of the interpretation with
respect to the type system. To this end, we need to recall a few
definitions and lemmas. Since stores only contain proof terms,
we need to define valuations for term variables in order to close
formulas'!. These valuations are defined by the usual grammar:

pia=e | plx o Vil | plX > F]
We denote by (p|7), (resp. pp, Ap) the proof-in-store (p|7) where all
the variables x € dom(p) (resp. X € dom(p)) have been substituted
by the corresponding term p(x) (resp. falsity value p(x)).

11 Alternatively, we could have modified the small-step reduction rules to include
substitutions of terms.

Definition 4.7. Given a closed store 7, a valuation p and a fixed
pole 1L, we say that the pair (z, p) realizes T, which we write!?
(r,p) IF T, if:

1. forany (a: A) €T, (al7), € |Aply,

2. forany (a : Ay) €T, (al7), € |Aplle,

3. for any {a|p} € 0,a =, p,

4. forany (x : T) € T, x € dom(p) and (p(x)|7) € [Tply,.

We can check that the interpretation is indeed defined up to the

relations =;:

Proposition 4.8. For any store t and any valuation p, the compo-
nent along t of the truth and falsity values defined in Figure 5 are
closed under the relation =;:

L if (flr)p € lAplly and Ap =¢ By, then (flr)p € |IBpllf,
2. if(ln)p € |Aply, and Ay =¢ By, then (Vi|7), € [Bplo.

The same applies with |Ap|p, [|Ap e, etc.
We can now prove the main property of our interpretation:

Proposition 4.9 (Adequacy). The typing rules are adequate with
respect to the realizability interpretation, i.e. typed proofs (resp. values,
terms, contexts, etc.) belong to the corresponding truth values.

Proof. By induction on typing derivations such as given in the
system extended for the small-step reduction. O

We can finally deduce that dLPA® is normalizing and sound.

Theorem 4.10 (Normalization). If T € c, then c is normalizable.
Proof. Direct consequence of Propositions 4.5 and 4.9. O
Theorem 4.11 (Consistency). ¥ pao p: L

Proof. Assume there is such a proof p, by adequacy (ple) is in | L[
for any pole. Yet, the set L £ 0 is a valid pole, and with this pole,
| L]p = @, which is absurd. O

120nce again, we should formally write (z, p) Iy T but we will omit the annotation
by UL as often as possible.
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5 Conclusion and perspectives

Conclusion At the end of the day, we met our main objective,
namely proving the soundness and the normalization of a language
which includes proof terms for dependent and countable choice in
a classical setting. This language, which we called dLPA®, provides
us with the same computational features as dPA® but in a sequent
calculus fashion. These computational features allow dLPA® to
internalize the realizability approach of [2, 9] as a direct proofs-
as-programs interpretation: both proof terms for countable and
dependent choices furnish a lazy witness for the ideal choice func-
tion which is evaluated on demand. This interpretation is in line
with the slogan that with new programing principles—here the
lazy evaluation and the co-inductive objects—come new reasoning
principles—here the axioms ACy and DC.

Interestingly, in our search for a proof of normalization for
dLPA®, we developed novel tools to study these side effects and
dependent types in presence of classical logic. On the one hand, we
set out in [19] the difficulties related to the definition of a sequent
calculus with dependent types. On the other hand, building on [20],
we developed a variant of Krivine realizability adapted to a lazy
calculus where delayed substitutions are stored in an explicit envi-
ronment. The sound combination of both frameworks led us to the
definition of dLPA® together with its realizability interpretation.

Krivine’s interpretations of dependent choice The computa-
tional content we give to the axiom of dependent choice is pretty
different of Krivine’s usual realizer of the same [13]. Indeed, our
proof uses dependent types to get witnesses of existential formu-
las, and we represent choice functions through the lazily evaluated
stream of their values 13. In turn, Krivine realizes a statement which
is logically equivalent to the axiom of dependent choice thanks to
the instruction quote, which injectively associates a natural num-
ber to each closed A.-term. In a more recent work [15], Krivine
proposes a realizability model which has a bar-recursor and where
the axiom of dependent choice is realized using the bar-recursion.
This realizability model satisfies the continuum hypothesis and
many more properties, in particular the real numbers have the
same properties as in the ground model. However, the very struc-
ture of this model, where A is of cardinal N (in particular infinite
streams of integer are terms), makes it incompatible with quote.

It is clear that the three approaches are different in terms of
programming languages. Nonetheless, it could be interesting to
compare them from the point of view of the realizability models
they give rise to. In particular, our analysis of the interpretation
of co-inductive formulas may suggest that the interest of lazy co-
fixpoints is precisely to approximate the limit situation where A
has infinite objects.

Reduction of the consistency of classical arithmetic in finite
types with dependent choice to the consistency of second-order
arithmetic The standard approach to the computational content
of classical dependent choice in the classical arithmetic in finite
types is via realizability as initiated by Spector [24] in the context of
Godel’s functional interpretation, and later adapted to the context
of modified realizability by Berardi et al [2]. The aforementioned
works of Krivine [13, 15] in the different settings of PA2 and ZF,
also give realizers of dependent choice. In all these approaches, the

13A similar idea can be found in NuPrl BITT type theory, where choice sequences are
used in place of functions [5].
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correctness of the realizer, which implies consistency of the system,
is itself justified by a use at the meta-level of a principle classically
equivalent to dependent choice (dependent choice itself in [13], bar
induction or update induction [3] in the case of [2, 24].).

Our approach is here different, since we directly interpret proofs
of dependent choice in classical arithmetic computationally. Besides,
the structure of our realizability interpretation for dLPA® suggests
the definition of a typed CPS to an extension of system F [18], but it
is not clear whether its consistency is itself conservative or not over
system F. Ultimately, we would be interested in a computational
reduction of the consistency of dPA® or dLPA® to the one of PA2,
that is to the consistency of second-order arithmetic. While it is
well-known that DC is conservative over second-order arithmetic
with full comprehension (see [23, Theorem VIL6.20]), it would
nevertheless be very interesting to have such a direct computational
reduction. The converse direction has been recently studied by
Valentin Blot, who presented in [4] a translation of System F into a
simply-typed total language with a variant of bar recursion.
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